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There are at least two special ways to prove that a number is
equal to zero, and both of them use the absolute value of a
number. (See the front material of the book for the definition of

absolute value.)

METHOD 1. To prove that a=0 we can prove that |a|=0.
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(This is true because by definition of absolute value of a number

la|=0 if and only if a=0.)

METHOD 2. Let a be a real number. Then a=0 if and only if

|a|<e for every real number &>0.

The second method is often used in calculus and analysis.
EXAMPLE. Let a be a real number. Then |a|=0 if and only if

|a|<e for every real number &> 0.

Proof. As this is an equivalence statement, the proof has two

parts.

Part 1. If |a|=0, then |a|<¢ for every real number &>0.
This implication is trivially true. Indeed, if |a|=0, then |a| is

smaller then any positive number.

Part 2. 1f |a| <e for every real number &>0, then |a|=0.
We will prove this statement by using its contrapositive.
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Let us assume that |a|#0. Dose this imply that there is at least

one positive real number & such that |a| is not smaller than g ?

Consider ¢,=|al/2. Then 0<¢g <|al.

As the contrapositive of the original statement is true, the

original statement is true as well. m
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EXERCISES

Prove the following statements.

1. Let x and y be two real numbers.
(x-y)’+(x-y)*=0 if and only if x=y.

2. Let x and y be two real numbers. The two sequences.
{x"}) =2and {y"}, =2 areequal if and only if x=y.
3. Let a, b, and ¢ be three counting numbers. If a divides b, b

divides ¢, and ¢ divides a, then a=b=c.

4. Let a, b, and ¢ be three counting numbers. Then GCD(ac,bc)

=cGCD(a,b).

5. Let a and b two relatively prime integers. If there exists an m

such that (a/b)™ is an integer, then b=1.
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